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This work generalizes Li-Kardar functional integral approach to a smectic film, wet-
ting the boundary of the isotropic liquid phase. Isotropic-smectic A (IA) interface is
considered as an “internal” (bulk) boundary of the film. Previously we generalized
this approach to the wetting smectic film with so called Neumann boundary con-
dition, where normal gradients of the smectic layers’ displacements at distorted
IA-interface were suppressed. In the present paper a nontrivial boundary condition
of the vanishing normal forces at the fluctuating IA-interface is considered. Elastic,
Sfluctuation-induced effects for the wetting smectic film with this boundary condition
are found.

Keywords Fluctuation-induced effects; isotropic-smectic A-interface; smectic
film; wetting

1. Introduction

It is known that thermotropic liquid crystals (LC) exhibit a wealth of pretransitional
surface phenomena [1-4]. Just above the bulk isotropic liquid-smectic A (IA) phase
transition the smectic layers are observed close to the external surface, bounding an iso-
tropic phase of a smectic LC [1-4]. The smectic layering is a special case of smectic wet-
ting when the thickness growth of the smectic film (WSF) proceeds via a series of
discrete layering transitions [5]. In constructing the interface model of the smectic lay-
ering [5] a question appears of mutual influence of thermal displacements of the smectic
layers and the IA-interface. Here the IA-interface is defined as a boundary separating
the isotropic and the smectic A LC phases and acting as an internal (bulk) boundary
of the wetting smectic film (WSF) (see Figure). Note that the problem of thermal elastic,
fluctuation-induced effects in the WSF is the so called thermal Casimir effect.

The elastic, fluctuation-induced contribution to the free energy density of a
smectic film as a function of its equilibrium thickness was first calculated by
Mikheev [6] within a “hydrodynamic” approach. However, that approach allowed
consideration of only the strong anchoring case of surface smectic layers at smectic
interfaces. Functional integral approach [7,8] gives the fluctuation-induced correc-
tions to the interface Hamiltonians of the so-called “correlated” liquids [8] for
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different types of surface anchoring. However, only trivial zero (Dirichlet) boundary
conditions for the elastic displacements of the smectic film were considered in [§].

Previously we studied WSF with suppressed normal gradients of the smectic
layers’ displacements at the interface (so called Neumann boundary condition) [9].
In this paper we generalize functional integral approach [7,8] for the WSF assuming
nontrivial (non-Dirichlet and non-Neumann) boundary condition.

2. Formulation of a Problem. Boundary Conditions

Our purpose is to work out the effect of thermal fluctuations of smectic layers on the
effective Hamiltonian of the fluctuating IA-interface (see Figure) in the case of smectic
wetting in the vicinity of an external flat bounding surface (substrate). It follows from the
known interface models [6,10,11] that the bare effective Hamiltonian of the [A-interface,
disregarding the influence of thermal fluctuations of smectic layers, can be written as [5]

Hiulh)] = [ Py {Vinth3) + 722 (9030 + 0 (OG- Ty, 50 (1)

where /(y) is the local thickness of WSF determined as local removal of the [A-interface
from the wetted surface (see Figure); V;,(/(y)) is the bare potential of interaction of the
IA-interface with a flat bounding surface (substrate) and with smectic layers; y15 is
the bare surface tension of the IA-interface; Wi, is the bare amplitude of the potential
of the TA-interface local orientation at distorted smectic layers (Wya > 0); u(y, 4(y))
is the elastic thermal displacement in a point (y, /(y)) (see below); S is the area of an
external flat bounding substrate.

We specify two steps of the functional integral formalism [7,8] as applied to the
considered problem. First, the fluctuation displacements of the smectic layers are
described by the bulk Grinstein-Pelcovits Hamiltonian [12]. Taken in the quadratic
approximation it reads

Holi(z, x)] = /S & / dz% {(@ui(x,2)+ 2 (Va(x, 2)) ), 2)

where #(X, z) is the non-uniform elastic thermal displacement of the smectic layer in a
point (x, z); (is the gradient operating in a plane of a wetted surface; 9. = 9/0z; Cs3 is
the compression modulus of smectic layers; A is the deGennes elastic “cross-length”
[13]. Second, the boundary conditions for the elastic displacements #(X, z) at two sur-
faces bounding the smectic film are regarded as perturbations acting on an unper-
turbed bulk system. The boundary conditions are imposed by inserting auxiliary
fluctuating fields and by using an integral representation for the d-function through
these auxiliary fields.

In order to develop the approach to WSF [7,8] we assume a strong anchoring of
the surface smectic layer at the substrate with coordinate z=0: #(x, 0) = 0. In
addition, we assume that normal forces [14,15], acting per unit area of the
IA-interface, vanish at the interface

O-l'k|z:/1(y) . :fni' (3)
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Here g is the internal smectic stress tensor, f'is the sum of additional normal forces
acting on the [A-interface, and n is the local normal to the [A-interface. Note that f'is
obtained from variation of the interface Hamiltonian (1) by infinitesimally small
normal displacement J( of the interface.

3. Basic Assumptions

Now we introduce the assumptions upon which the proposed generalized func-
tional integral approach is constructed. It is assumed that the IA-interface is
essentially more ““soft” than the “surface” smectic layer (the smectic layer with
the same average position / [6,13]). Accordingly, the following conditions are
satisfied

Yia < C30, Wia < Ci3dg and | Vi | < Cs3/h. (4)

As shown below (see Sec. 7), the conditions (4) imply that the mean square dis-
tortions 64 and u, reaching the IA-interface, satisfy the following inequalities

(@) < (0F°) and  (6°) /I* < 1. (5)

We shall consider the static elastic distortions in WSF, which give rise the
long-range fluctuations in the smectic film [6], and neglect the density change caused
by deformations [14]. Each point at the bounding surfaces is described by
three-dimensional radius-vectors

l'](X) = (X’ O)a rZ(Y) = (y7h + (Sh(y))7 (6)

where X, y are the two-dimensional radius-vectors in the plane of each of the sur-
faces, respectively; 0/A(y) is the non-uniform fluctuation distortion of the IA-interface
relative to its equilibrium position z=/4 ([ d*y Sh(y)=0, see Figure). Then, each
point at the surface of equilibrium positions is described by three-dimensional
radius-vector t2(y) = (y, /).

Let us introduce the auxiliary fluctuating fields: Q;(x) at the substrate and Q,(y)
at the IA-interface. Then the Dirichlet boundary condition at the flat bounding sur-
face takes the form

o(u(0, x)) :/DQl(x) exp{i/dzx Q(x) it(rl(x))]. (7)

Using (2), (4-5), one can also write

0::(y, z = h(y)) ~ C33(0/0z) n(y) ~e./\/ 1 + (Voh)’, (8)

z=h(y)’

and for the normal gradient of thermal elastic displacements at the IA-interface

vm(y)’}(Ya h(y)) ~ Vz,ﬁ()’v Z) 7=
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Thus, after variation of H,,, with respect to 6{ the boundary condition (3) becomes
reduced to

(C33(00/02)._py) — [11aV>h + WiaV>(8h(y) — a(ra(y)))

y)

+ Vi ()] 1+ (V) = 0. ©)

From a comparison of the Neumann boundary condition at the fluctuating
IA-interface in [9] ((01/0z).—ny)=0) and boundary conditions (3), (9) it is evident
that the surface tension, y14, of the IA-interface was omitted in [9] and [7,8]. In
the present paper, starting from expressions (3) and (9), the surface tension ya is
taken into account. Clearly, 714 is treated as a small parameter, which implies that
118/ C33do << 1. However, it is for the first time in the present paper that the elastic,
fluctuation-induced effects in WSF are obtained for the case of nontrivial boundary
condition (3), (9). In addition, a general expression for the correlation function of
thermally induced smectic layer displacements in WSF, close to the IA-interface,
is derived (C.8). Finally, the leading contribution in y;o to the two-dimensional
Fourier transform of this correlation function is found.

To separate the variables 6/ and (y, i(y)) we introduce the relative thermal dis-
placements (y) = dh(y) — u(y, h(y)) of the TA-interface (so called roughening fluctua-
tions, see [5,6,9]) and change the variables from 64 to ¥ in (1) and (9). Before making
further calculations we simplify the interface Hamiltonian (1). This is achieved, in
analogy to [9], by eliminating the ‘fast’ parts of i and & with the renormalization-
group (RG) procedure [16]. Note that RG generates the terms proportional to
Vi, Wia and ylAﬁzl//(y)/ 8y2, which are absent in H,,,. However, as can be shown
(again in analogy to [16]), under conditions (4-5) all these terms are irrelevant and
can be neglected. The relevant part of the bare interface Hamiltonian (1), expressed
in terms of { and under conditions (4-5), is then given by

/ Py { Vil + 00 + 7 (T}, (10)

where J;p = y1a + Wia is the bare stiffness of the IA-interface.
When expressing (9) through integral representation of the J-function, the

proper integration measure: /1 + (Véh)2 should be inserted under the integrals

[17]. But this measure is cancelled by the factor /1 + (Vh)? in (9). Thus expanding
ti(y, A(y)) in powers of ¥(y) up to the second order and retaining only the relevant
terms, the boundary condition (9) can be written as

[ pesiexs [i [rasm n(rz(y»} (1)

where

 (oa i »u Yia (O
I(r2(y)) = (E)h(yf(@)h(y)wy) + (ﬁ)mww(ym Con (8}/) Y

v (0P ma (&P,
(5 ayz)my)wy) (5 _von
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4. General Expression for the Elastic, Fluctuation-Induced
Contribution to H;,,

By generalizing [7-9] and using (2,6,7,11) we obtain the equation for calculating the
fluctuation-induced contribution, H,; to the effective interface Hamiltonian (10). It
reads

exp[—Hey /kpT| = Z;' / Dii(r) exp[—Ho[ut] /kpT) / DQ;(x) DQ(y)

(12)
x exp[i [exawime) + i [erou H(m(y))},

where Zy = [ Du(r) exp[—Hyu]/kpT]. Note that the expression (12) is a functional
integral over thermal displacements of smectic layers and over auxiliary fields. Also
note that G,(r) = (%(0) %(r)), is the two-point correlation function of the bulk smec-
tic, where (---)o= Z;' [ Du(r) (- - -) exp[—Holut] /kgT). In our case

Gyl(y — X, 7y — 2x) = kBT/ (dzq xp(iay =X e (o) 1y

Gy ) (2n)? 2204 ’

where, following the choice (6), we assume that zy, >z, and introduce z =zy — zy.
Accordingly, V. Gy(y — X, zy — zx) and V. V. Gy(y — X, zy — zx) can be found in
analogy to [9].

To proceed further, we expand the expression in braces, on the right-hand side
of Eq. (12), in powers of i. Then by performing the Gaussian integration over the
elastic variables we find

expl~Hy/kaT] = [ [ D) DOs(y) expl-nl@n(x), )], (14

where the effective Hamiltonian of the two-component field Q= (Q;(x), Q»(y)) is
given by

0] = [[ @y (2% Goly - x 0 2u()

+ () Dialy) Goly — x, W] ay)+ (1)
+Qi(y)[D12(x) Gy(x — y, h)]Qa(x)
+ 0 (x)[Da(x,Y) Gy — X, 2)]._(Q(y)} = QMQT,
and where
Dis(y) = [1+¥(y) 9/0h + (y*(y)/2)0? /0*) [0/0h — (y1a/ Cs3) 07 /0y,

D(x,y) = [1+ ((W(y) — ¥(x))*/2) & /0]
x [=07/02 + (via/ C33) *(9/9y*) (9% 0x7)].
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Note that the matrix M in Eq. (15) is a functional of the radius-vectors r;(x)
and r,(y).

When deriving (15) we make use of the equality (@(ry) - - - @(ram)u(rams1))o= 0.
In obtaining the part (...) between Q,(x) and Q,(y) we observed that the term linear
in (Y(y) -(x)) vanishes, which can be easily verified using (13). The quadratic form
of H,[Q] allows us to perform the integration over fields Q; in (14). Thus we obtain
the general expression for the effective Hamiltonian, describing the additional elas-
tic, fluctuation-induced interaction between the perturbed IA-interface and the flat
surface bounding the WSF. It reads

Heyr[r (x), r2(y)] = (kT/2) In Det {M[ri(x), r2(y)] /7}, (16)

where

1 ( G(y —x, 0) Dus(y) Gy(y — x, h) ) a7

M == | = ~
X =3 Dt Golx v, Doty Goly —x, 2)|

5. H 4 for Small Distortions of the IA-Interface

For small 6/4(y) and y(y) (see Sec. 7), the matrix M(x, y) can be approximated by the
second order expansion in (x). In this expansion M(x, y)= My(x, y)+IM(x, y),
where My(x, y) is the functional matrix for a flat bounding surface and dM(x, y) is
the correction caused by relative fluctuations of the IA-interface. Note that a
two-dimensional Fourier transform of M (denoted M, see Appendix A) can be written
down as M = MyW [7,8], where W =1+ Mo‘léM. Then the effective Hamiltonian
(16) can be decomposed as H.;y= Hy,, + H, o, where (compare with [7-9])

Hpw = (kpT/2) In Det { M, /n} (18)
is the effective Hamiltonian, describing the elastic fluctuation-induced interaction
between unperturbed (flat) IA-interface and the flat external surface, bounding the

WSF. The second of the two terms is the additional elastic fluctuation-induced contri-
bution to the H,, caused by relative thermal distortions of the IA-interface. It reads

Heo = (kzT/2) In Det{ W } (19)

After some calculations (see Appendix A) we obtain the following i-depended contri-
bution to Hy,,

kyT [ d*k
Hyu(h) = S % W1n [1— 70 exp (= 270h) | = S Vi (h), (20)
T

where

Vagin(h) = — kpT Lia(y) /(16 Whoh), (Lin(y) = iyk/k”>, (21)
k=1
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is the long-range “repulsive” contribution to V;,(%), or more accurately, to the free
energy density of the WSF with equilibrium thickness / (), < 0 — Liy(yas) < 0). Note
that the long-range ““repulsive” potential V,(h) coincides in the limit of yo > Cs3/0
with the “hydrodynamic™ Mikheev interaction [6], where ) is the stiffness of external
boundary of WSF. This result confirms the correctness of the boundary conditions
imposed in Sec. 2.

6. Local and Nonlocal Corrections to H._,,,

The evaluation of H,,, from Eq. (19) is given in the Appendix B along with
the resulting general expression for H,,, (B.14). It is possible to decompose H.,,,,
into local and nonlocal contributions (see Appendix B). The local contribution is
given by

(100 / Py {kBT /(dzk { [Ds(k, h) Gy(k, h)] O

(’orr 2 TC)Z 4 D()( ) 8h
X [Dy(K, ) Gy(K, h)] — ([Da(k, ) Gy(k, 1)) (22)
_ S [Din(k, 1) Gy (k, )]
+ Gb(k7 0) [Dzz(k) Gb(k7 Z)]:ZO) 16 D%(k) }:| ’

Note that the expression in square brackets is the fluctuation-induced correction to
the gap of mode . Inserting (A.1), (A.3), (B.12), (B.4) in (22) and extending the inte-
gration over k from 0 up to oo (due to the presence of rapidly decreasing exponen-
tial), we find

s 2 2
)] = —kaT 2 [y Uy, [y

If we keep the term linear in ¥/(y) in A(k, k), Eq. (B.13), an additional contribution to
H%) of the form Vian(h) [ @y (y) will appear. We can formally combine this
term with the leading corrections VMikh(h) and (1/2) V¥,..,(h) ¥*(y) into the total
long-range elastic fluctuation-induced potential. It gives

V) (h+y(y)) = — kT Lis(xa)/ (16 o(h + W(¥))), (24)

which accounts for the repulsion of the distorted [A-interface from the flat bounding
surface.

In turn we obtain the corresponding total local contribution to the interface
Hamiltonian (10):

H{ 4 0w) = [ @Vl ne+ ), 25)

The nonlocal contribution to H,,,, is given in Appendix B (Eq. B.15). In case of
weak nonlocality (Y(x)~y(y)+ ((#(y)) (x—Yy)), the nonlocal contribution (B.15)
describes the occurrence of an elastic fluctuation-induced correction dy.; to the
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stiffness of the relative capillary mode and is given by

HUenloo) [ y(y) ] ~ / Py 6y (h) (VY (¥)/2 (26)

where

o) = kaT [(87) [ x (y - x) [ [ e aiy = ) Gk’

qdg — Jo(ql(y — X))
Jog> 1 — s €XP (—2/1()q2h) + </qdq Jo(ql(y — x)])

20q%1ar €Xp (—2204%h) \ > /
d _
T exp (“2egthy ) T 44470ty = X))

G 1w o) [ by =) exp i
1 — ypexp (—2204%h) 1 — g exp (—220k%h)

It is obvious that the integrals over a wave vector in the first term of square brackets
in (27) are defined by the cutoff parameters. Thus the corresponding contribution to
0y 18 traditionally included into a redefined stiffness of the mode ¥ (see [16]). The
other two terms in (27) give h-dependent (dimensional) correction dy.4(/%) to the stiff-
ness of the mode /, caused by thermal displacements of smectic layers in WSF. The
integrals in these terms can be calculated approximately in view of their fast conver-
gence due to rapidly decreasing exponential factor exp(- Aog*h). Indeed, the wave
vectors ¢ Sge =1 / VAoh provide the leading contribution to these integrals and it
is possible to omit the decreasing exponentials in denominators, which reduces the
integrals to tabulated ones. Making the substitutions Q=¢/qc and p=¢qc | y — x|,
we find

57} 10 (o 0o )
o(h) = 415 /p dp xM/Q dQ Jo(Qp) exp (—207) -
+am /Q?dQl Jo(QlP)eXp(—Q%)/deQz Jo(sz)eXp(—Qg)}
and finally get
kgT > 1 1
8v.(h) ”1%% (Z - E) > 0. (29)

In the limit of y;o< C339(xa3r — —1) the corrections (23), (28-29) along with (23),
(28) coincide with the results in [9].

7. Conclusion

We start by reviewing all the assumptions used here. Let us first illustrate the physi-
cal meaning of the inequality (4). Note that the functional integral approach allows
calculating the correlation functions of fluctuating fields in bounded systems with
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long-range correlations [18] (see Appendix C). The leadlng contribution to the
two-dimensional Fourier transform of the correlation GIA = (u(x, h(x)) u(y, h(y)))
becomes reduced to

kgT 1 (1 —y,)(1 —exp (—240q*h))

Cw0) oy
GIA (q) s Cxs 2)»0(]2 1— A CXp (_2/10(12/7)

(30)

The Fourier transformations of the non-uniform fluctuations 64(y) and y(y) are

oh(y) = Z; hq exp(iqy) and y(y) = Z; Y exp(iqy), respectively. Using (10) and (23)
one can also define the Fourier transform of the correlator (Y ¥_,) as

(Wq_q) = kT [( Vi, (h) + Vigaa(h) + (7ia + 0va(h)) 7). (31)

Now, by a direct comparison of (30) and (31) it follows that the inequality
é(““o( ) < (Y ¥_,) is valid under conditions (4). It means that the inequality
G§ o >( ) < (h4h_,) is also satisfied. Hence, the left inequality in (5) is satisfied and

(heh—q) = <¢q‘ﬁ—q>- (32)

We conclude that the condition (4) of “softness” of the IA-interface means, in
particular, that the thermal capillary fluctuations 4 dominate at the IA-interface
and in the roughening fluctuations of IA-interface. Using [4] we can estimate
mathrough the classical Gibbs-Kelvin equation [5] as 75 ~ 10°erg-cm 2, also con-
firmed in [19]. In turn, for typical bilayer smectic LC [13] we have AHya~
Cy3~10%erg-ecm™3, Ag~dy~10""cm. In this case a simple analysis shows that
the first two inequalities in (4) are satisfied. As it was found for T7o ~ 300 K, the right
inequality in (4) for V', (h) is also satisfied for arbitrary value of / and the correc-
tion (29) to ;4 is negligibly small even for & ~ dy: 0y, (h) ~1072 =10 'erg-cm 2 It
can be shown that for the remaining terms in the interface potential, as introduced in
[5], the inequalities on the right hand side of (4) and (5) are also satisfied for both
partial and complete smectic wetting.

We conclude that taking the thermal displacements of the smectic layers in WSF
into account results in adding to the interface potential the additional long-range
potential VM(;,‘Ch(h + ¥(y)); it also generates the correction 0y./(h) to the stiffness of
the IA-interface. One can show (see [9]) that these conclusions are also valid in
the case of wetting the LC free surface by the smectic A phase. It is important to note
that though dy.4#) is infinitesimally small, it can be important for understanding the
properties of membranes with an infinitesimally small bare surface tension.

Separating out the smooth part Vy(h) of the interfacial potential V;,, [5] it is not
difficult to derive an equation for the temperature dependence of the average WSF
thickness Ao(t) (Vg, = 0), where t = (T — Tia)/ Tia, (1> 0) is given by

t=A exp(—ho/Ec) — (1/AH,) kgT Liz(zy,)/ (16 mioh3), (33)

and where ¢ is the correlation length in the bulk smectic; 4 (A4 > 0) is the reduced
amplitude of the short-range repulsive interaction [5]. Fitting Figure 1 in [3] with (33)
we obtain A4 ~0.0455 and é-~4.5-10"" cm, which is in agreement with [5]. In turn,
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, Isotropic liquid phase '
= dh0) _ JihW) __— - — — _IA;IH%
L y
T
[ Wetting smectic film (WSF) sotic Tavers
0
substrate X

Figure 1. A schematic picture of WSF covering flat bounding surface (substrate). The equilib-
rium position, /4, of the IA-interface is shown by the thin straight line.

the correlators (h,h_,) and (31), respectively, define the IA-interface thickness and
the IA-interface-smoothing Gaussian width in structure factors of the x-ray reflectiv-
ity from WSF [2,5]. Thus, from a simultaneous fitting of all mentioned experimental
dependencies to the same LC compound it would be possible to experimentally
determine the value of J;, and to derive V};, (k) and 6y./(h) for a comparison with
the obtained results.
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Appendix
A Derivation of the Effective Hamiltonian, Hg,,

With (13) the two-dimensional Fourier transforms of the correlation functions in
M, are

Gy(q, 0) = S kT /(C33220¢°) and Gy(q, h) = S~ kpT exp (— Z0q*h) / (332704°).
(A1)

For simplicity we take S=1 in all calculations that follow. Then the two-
dimensional Fourier-transform of the matrix My(x, y) reads

~ 1 éb(k’ 0) BZ(k) E;b(k7 h)
Molk) =5 (z%(k, W Golk h) D) Golk, 2)| ) “2
where
Dy(k,h) = 0/0h + (yjo/Cs3) K> and D..(k) = —8%/02> + (y1a/C33) 2 k.

(4.3)
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Taking discrete wave vector notation, k;, each block in (A.2) can be viewed as an
infinite-dimensional matrix (see [9] for example). After an even number of rearrange-
ments and with the help of (A.1), the determinant of the matrix Mj(k) is easily
calculated giving

i

~ 1kpT\? v\’ , 2
DetMo—H<ZC—33) <1 - ( ke (1= zaexp (=2%0k7h)], (4.4

where

I = (Yra — C3340)/(Yq + C3340) <O (4.5)

is the Mikheev parameter [6]. Substituting (A.4) to (18) and passing from summation
over k; back to integration, it is easy to find the /s-depended contribution to Hyy,,
given by Eq. (20).

B Derivation of the Effective Hamiltonian H,,,, Eq. (19)

In analogy to [7-9], after carrying out the two-dimensional Fourier transform of
matrix 0 M, we obtain

_ 1/ 0 Ak q)
51 0 =3 (g ik 4)) (&)

A, q) = / / @x d®y exp(—iky)exp(i qx) [f),,h(y, ) Gyly — x, h)} w(y)

+ [ @ty expl-iky expiian) (0 [Dinty, m Gty = x, ] 01) 4203 /2

(B.2)
Bk, q) :/ d*x d*y exp(—iky) exp(i qx)
% [Da(x, ¥) Goly = x, 2)]_ (h(y) =y (x))°/2, (B.3)
and
~ A yin\> *? 9 P - P oy D
Dy:(x,y) =54 <C33> 2 0x 92 Di(y,h) =0 Cn 02 O (B.4)

Using (A.2) one can now invert the matrix M, by switching again to the discrete wave
vector notation k; (note that k; = q,). Then, each block in 6M (k, q), Eq. (B.1), and in
M (k) should be understood as an infinite-dimensional matrix (see [9] for example).
Using (B.1) one can now obtain Eq. (19), where the blocks W, (k;, gq;) are given by

1+C(kia ql) C(ki7 qj)

Wk @) = |, q) 1+ q) | (B:3)
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c(ki, q) = —A(K;, q) [Da(ki, ) Gy(ki, h)] /(4 Do(ky)), (B5)

Wiz (i, q) = r(ki, q)) = Blki, q) [Dalki, h) Golki, )| /4 Do), (B7)

r(ki, q) = A(ki, q) [Do(k) Gyki, 2)] /(4 Dolky)), (BS)
Wi (kiy 4)) = A(ki, 4) Gy(ki, 0)/(4 Do(k,), (B.9)

27 1+ c(ki, q;) + s(ki, q;) (ks j)+ s(ki, j)
Walki, 4) = [ ol ) - sl @) 1+ el )+ (i, q,ﬂ’ (B.10)
s(ki, ) = B(ky, q;) Go(ky, 0)/(4 Do(k,)), (B.11)

Do(k) = (1/16) (ksT/C33)* ((v14/(C33%0))* = 1) [1 = xasexp(—240k?h)].  (B.12)

We now insert the contributions above, containing terms linear in s, into
Eq. (10). Summing up all these terms and setting the sum to zero: (...)
W =0— F(h)=0, gives an equation for the equilibrium WSF thickness subject to
thermal fluctuations of the IA-interface and of the smectic layers. This condition
is equivalent to the condition | d*y Y(y) =0, which means () =0 and causes the
term linear in Y(y) disappear in A(k, k). Using (B.5)—(B.10), we can obtain Det W
up to the second order in Y(y). It reads

Det W =1+ > {s(k,k) + 2c(k,k)}
k

= > fek.q) c(a.k) + Wa(k,q) r(g.k)} (B.13)
k,q(q#k)

Substituting (B.13) into (19), expanding the corresponding logarithm of (x) up to
the second order, passing from summation over k; to integration, and, finally, using
(B.2) and (B.3) we obtain:

Haope = (ks T/2) [ / Pk (27 / / Pxdy {Gy(k, 0) exp(—ik(y —x)) (4Do(k))""

X [Da:(%,¥) Go(y =X, 2)]._o (Y (¥) = ¥(x))*/2 =2 [Da(k, ) Gy (k, )] (4 Do (k)"
x exp(—ik(y —x)) (3 [Dui(y, h) Gy (y —x, 1)]/0h) () /2 }

//dzkd2 ~ ~ ~ ~ ~
4 {[DZ k h) Gb(k h)} [DZ((Lh) Gb(qa h)] + Gb(ka 0) [D::(q) Gb(qa Z)]::O}

x / / Pydv expliqy — ikv))¥(y) Di(y.h) Go(vi —y, h)] (16 Dy(k) Do(q))”"

X / d*xd?vy exp(ikx — iqvy)) Y (X) [D(x,h) Gy (v —x, h)]).
(B.14)

After performing the integration over relative variables v; —y, v, —x in (B.14), it is
possible now to decompose H,,,, into local and nonlocal contributions as discussed
in the main text of the present paper. In particular, the nonlocal contribution to H,,,.
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is given by:

Hloo) = (ks T/2) / / Pxdy (b(y) — $(x))*/2

x {[Da:(X, ¥) Go(y — X, 2)]._o®1(y — X)
+ O3y —x)+ Di(y —x) Dy(y —x)},

(B.15)

Oy (y—x) = / q/(21) Gy(q,0) exp(~iq(y —x)) (4Do(a)) ",

4 5 s A ~ X iq(y—
oy —x) = / (jnc)lz[DZ(qvh) Go(a,h)) [Dia(a.h) Gb<q,h>1"p(+o((y)”,

2 - ~ X X
Hsly—=)= / éi? [Din(a,5) Gy (a, 1)) [D=-(a) Gi (@, @]N%’

D4y —x) / d*ke/ (27)? [ Dy (k,h) Gy (k, )] Gy (. 0)exp(—ik(y —x)) (4Do (k) ',

Din(k,h) =8 Oh* + (y14/ Cs3) kK> 0/ Oh. (B.16)

C Correlation Functions for Bounded Systems of “Correlated” Liquids

Generalized functional integration method allows to obtain the correlation functions
G&) = (a(x, h(x)) u(y, h(y))) of the thermal displacements #. General expression for
correlation function G®(r,r') = (a(r) #(r')) can be obtained from the generating

functional [17,18]
<exp{/d3r J(r) ﬁ(r)} >

exp [(1/2) / &r d® J(r) (a(r) a(r')) J(r’)]

Z{J}

using auxiliary field J(r). With the help of Eq. (12), Z{J} can be written as:

20} = 2! 2," [ Dite) expl- Huld kaT) [ / DOy (x) D (y)
X exp[i /dszI(x) u(ri(x)) + i /dzyﬂz /d3rJ ]
(C2)

where Zo; =exp[—H,;/kgT]. By analogy with obtaining (14), the Gaussian inte-
gration in (C.2) over #(r) results in

Z{J} =Z: expl(1/2) / / Erdr T () Gy(r,¢) J()] / / DO DQexp[—Sy {2,
(€3)
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where
Ser{Q,J} = H, [Q]_i/dzxgl(X)PI(X)_i/dzyQZ(Y)Pz()’)v (C.4)

Pix) = [ @rGin(x).076), Pay) = [ @ [ Da(ea(s) Golea()) | 10) - (C:5)

and where (following (8))
Ds(r2(y)) =0/0z, — (v1a/ C33) & /0y’ (C.6)

After an even number of matrix transforms for H,[Q,, Q[;] and M using (15) and
(17), and after change of variables: Q, = Q, — (i/2) oMy ! Pg, one obtains S, in
the form

Sy {Q.J} = H[Q] - (1/4) ZP (C.7)

Finally, comparing the expressions (C.1) and (C.3) leads to G*“(r, 1)

G (r, ¥) = Gy(r, ¥) — { / / Pxdy Gylr, 11(x)) Myt (x, y) Gy(r', 11(y)
+ / Pxd®y Gy(r.ri (%)) My (x, y) [Da(ra(y)) Golra(y).r)]
+ / Pxdy [ Da(ra(x)) Gy(r(x),1)] M (x, y) Gy(,mi(y))

+ [ @y (atra(x) Golea(.0) M (x. ¥) [ Dales(v)) Golea(y). 1) )
(C.8)
Upon (4-5), GI A can be calculated approx1mately by analogy with calculation
of M(x, y). The leading contrlbutlon to GI A (k q) corresponds to Vamshmg lﬁ(x)

in (C.8). In this case, M ' coincides with My, GI(Z) coincides with GIA -
(n(x,h) u(y, h)) and we find Eq. (30). In the limit when y;4< C334¢, Eq. (30) coincides

with é&o) (¢) from [9] and corrections to 6&0) (q) up to the second order in y, for
q— 0, are proportional to

ksT/(2C3304°) {/ d*y (V*(y)/S)(%0q®)” exp (—2204%h) /(1 —pr exp (—2}~0(12h))nJ :

These corrections are either connected with correction to the stiffness of the
mode u or proportional to the powers of q higher than second and, given the con-
ditions (4-5), are irrelevant for all q.
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